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In this paper, we study formal power series with exponents in a category. For
example, the generating function of a category E with finite hom sets is defined by
Ž . X  Ž . E t Ýt Aut X , where the summation is taken over all isomorphism classes
of objects of E. We can use such power series to enumerate the number of
Ž .E-structures along a faithful functor Theorem 4.6 . Our theory is closely related to
Ž .the theory of species Joyal, 1981 . A species can be identified with a faithful
Ž .functor from a groupoid to the category of finite sets Theorem 3.6 . We use mainly
the concept of faithful functors with finite fibers instead of species, so that we can
separate the roles categories and functors play. For example, the exponential
Ž . Ž Ž .Ž ..formula E t  exp Con E t means the unique coproduct decomposition prop-
Ž .erty Theorem 5.8 . In the final section, we give some applications of our theory to
rather classical enumerations.  2001 Academic Press
1. INTRODUCTION
1.1. Plan
This series of papers aims to develop the theory of generating functions
Ž .of polynomial and power series type from the categorical point of view
and is planned to study the following objects:
Ž .A E-structures and species.
Ž .B Exponential formulas and KrullSchmidt categories.
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Ž .C Operations on categories and functors.
Ž .D Polynomials and power series with exponents in locally finite
toposes.
Ž .E Polynomials and power series with coefficients in a Mackey
functor with multiplicative induction.
In the present paper we study topics A and B, in the next paper we will
study topic C, and in the third paper we will study topics D and E. The
purpose of topics D and E, which also are the final purpose of this paper,
is to build the ‘‘external’’ theory of polynomials and power series. Here, for
example, the external integer ring with respect to a category SetG of finitef
G-sets and G-maps is nothing but the Burnside ring of the finite group G,
that is, the Grothendieck ring of SetG with respect to disjoint union andf
 cartesian product 15, 51 . On the other hand, the internal integer ring
with respect to SetG is the rational integer ring with trivial G-action which
is defined by an internal Peano axiom and internal Grothendieck construc-
tion. Of course, the external integer ring with respect to Set and thef
internal integer ring inside Set are both isomorphic to the rational integer
 ring Z; see MacLane and Moerdijk’s book 31, Sect. V.5 .
1.2. Species and E Structures
The most famous and successful abstract theory of generating functions
   is Joyals’ theory of species 26, 7 and its generalizations 6, 36 , which
affect also the present paper. Let Bij be the category of finite sets andf
bijections, and let Set be the category of finite sets and maps. Then af
species A is now a functor from Bij to Set . An element of the imagef f
 A E of E under A is called an A-structure on the label set E. Further-
more, its generating function is defined by
  A n
nA t  t .Ž . Ý n!n0
     4Here A n denotes the value at the n-point set n  1, 2, . . . , n .
On the other hand, for a faithful functor F: E S with finite fibers
 1Ž . F N   , and E-structure over N along F is defined to be a pair
Ž . Ž .X,  of an object X of E and an isomorphism  : F X N. The
Ž .concept of E-structures or F-structures is explicitly or implicitly consid-
Ž    . Ž .ered in some articles e.g., Dur 17 and Joyal 26 . Let Str EN  be¨
Ž .the set of isomorphism classes of labeled E-structures on N. For exam-
ple, if E SetG is the category of finite G-sets, where G is a finitelyf
generated group, and F: SetG Set is a forgetful functor, then there isf f
TOMOYUKI YOSHIDA42
Ž .a bijective correspondence Example 2.10
G  Str Set  n  Hom G , S .Ž .Ž .f n
Furthermore, if E RTree is the category of rooted trees and F: RTree
 Set is the forgetful functor which assigns a rooted tree to its vertexf
set, then an isomorphism class of RTree-structures on N bijectively
corresponds to a labeled rooted tree on N.
THEOREM 3.6. Let S: G Set be a faithful functor with finite fibersf
from a groupoid G. Then the assignment

A : N Str EN  , N Bij ,Ž .S f
is a species. This construction gies a bijectie correspondence between a
species and a faithful functor with finite fibers from a groupoid to Set .f
For example, the functor corresponding to the species of graphs is the
functor from the groupoid of graphs and graph isomorphisms to Set f
which assigns its vertex set to a graph. Here note that the same species is
also obtained from the category of graphs and all graph homomorphisms.
Theorem 3.6 states that there exists an equivalence

 : GpdSet Bij , SetŽ .f f ff f f
between the category of species and the category of faithful functors with
finite fibers from groupoids to Set . This equivalence is reminiscent of anf
 equivalence familiar in sheaf theory 31, II.6; 25, 0.2, Chap. 3 ,
op 
 : EtaleX Sheave X 	 O X , Set ,Ž . Ž .
where EtaleX is the category of local homeomorphisms over the space
Ž .X ; see also 2.3.b .
The concept of faithful functors with finite fibers has some advantages
in comparison with that of species as follows:
1. The source category of the functor corresponding to a species via
Theorem 3.6 is a groupoid like Bij . However, this restriction is notf
essential. Using faithful functors from any category with finite fibers
instead of species, we can generalize the theory of species. Particularly, we
 can take a locally finite topos as the source category 25, 31 .
2. Considering a faithful functor S: E S instead of a species, we
can separate the roles that the source category E and the functor S play.
For example, the exponential formula essentially depends on the property
Ž .that E is a strict KS category see Section 5.5 ; for the functor S we need
to assume only its additivity.
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3. When we want to substitute a natural number a for the variable t
Ž . nin the generating function A t of polynomial type, the value of t at t a
 should be the number of mappings from an n-point set n to an a-point
   Ž   .  nset a . However, Hom n , a in Bij does not give the expected value af
in general. In this viewpoint, Set is more natural than Bij .f f
1.3. Generating Functions with Exponents in a Category
The crucial idea used in this paper is that we let the exponents of
polynomials or power series range over the objects of a category E. Thus
Ž .the exponential generating function associated to a skeletally small
category E with finite hom sets may be defined by
1
 AE t  t ,Ž . Ý Aut AŽ .AE
where A runs the isomorphism classes of the objects of E.
THEOREM 4.6. Let F: E S be a faithful functor. Then we hae
1 Str EN Ž .
 F Ž A. NF t  t  t .Ž . Ý ÝAut A Aut NŽ . Ž .AE N S
Ž .This formula together with the exponential theorem Theorem 5.8 has
many applications for enumerations of labeled structures.
1.4. Exponential Formulas
In Section 5 we prove the following exponential formula:
THEOREM 5.8. Assume that E is a strict KrullSchmidt category with the
Ž .full subcategory Con E of connected objects. Then the exponential formula
holds:
E t  exp Con E t .Ž . Ž . Ž .Ž .
General theories of exponential formulas have been developed in many
     articles, e.g., Bender and Goldman 4 , Foata 18 , Beissinger 3 , Dress and
      Muller 14 , and Dur 17 . See also 13, 19, 20, 26, 43 and the books 1,¨ ¨
Sect. V.2; 49, Chap. 3; 46 .
 Among them, Dur’s book 17, Chap. 2 states a general theory of¨
exponential formulas of functors between KrullSchmidt categories. The
definition of KrullSchmidt categories he used is not the same as the one I
adopt in this paper. For example, the category of finite dimensional vector
spaces over a finite field is a KrullSchmidt category in the sense of Dur,¨
but not in the sense here. However, our theorem is simple but general
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enough to apply and contains many of the known exponential formulas for
nonadditive categories, for example, Cayley’s formula for the number of
labeled rooted trees, Wohlfahrt’s formula for the numbers of group
 Ž .  Ž .homomorphisms Hom G, S , n 0, 1, 2, . . . Section 6 , and so on.n
In the present situation, power series with exponents in a category are
inconvenient for composition, substitution, and derivation. For example,
Ž A B.C Ž .t 
 t and dE t dt are both meaningless; in fact, they are not a
polynomial or a power series in our sense. To solve this difficulty, we need
to extend the concept of power series. In the third paper, we will introduce
Ž .the ‘‘external’’ ring of power series and polynomials associated to locally
 small topos 9, 25, 31 with coefficients in a Mackey functor with multi-
 plicative transfer, especially a Burnside ring functor 16, 48, 51 . We will
restudy the problem on the definition of polynomials and power series in
the third paper of this series.
2. E STRUCTURES
2.1. Notation and Terminology
Our notation and terminology on categories in this paper are taken from
 some standard books, e.g., 9, 30 . Here we add some basic but perhaps
nonstandard notation and terminology. A category is finite if it has finitely
many objects and morphisms; a category is skeletally finite if it is equivalent
Ž .to a finite category; a category is locally finite if every hom set Hom X, Y
is a finite set; a category has finite automorphism groups if every automor-
Ž .phism group Aut X is a finite group. A skeleton of a category is a full
subcategory consisting of complete representatives of the isomorphism
classes of objects. A category is skeletally small if it is equivalent to a small
category; C denotes the set of all isomorphism classes of the objects of
such a category C and is often identified with a skeleton of C. The
 isomorphism class containing an object X is denoted by X or simply by
X if there is no confusion.
A subobject A of an object X is called complementary if there is a
 Ž .complement A in the poset Sub X of subobjects of X, that is,

 A

2.1.aŽ .

 A X
is a pushout diagram and a pullback diagram, where  denotes an initial
object. The poset of complementary subobjects of X is denoted by
Ž .Sub X .
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For a category C , we define the groupoid C as the subcategory of Ciso
consisting of all objects of C and all isomorphisms. The dual category of a
category C is denoted by C op. The notation XC means that X is an
object of the category C. The functor category from C to D is denoted by
  C  op C , D or D . Thus, C , D is the category of contravariant functors.
Ž .The vertical resp. horizontal composition of two natural transformations
Ž .is denoted by  resp.  .
We use the following notation for some important special categories.
Set is the category of sets and maps; Set is the category of finite sets andf
Ž . Gmaps; Bij  Set is the category of finite sets and bijections; Set isF f iso f
Ž .the category of finite left G-sets and G-maps for a group G; Gpd
Ž .denotes the category of infinite groupoids; Cat denotes the bicategory of
   all categories 5 , 27 .
ŽWe furthermore use the standard notation of sets. The symbols N resp.
. Ž .P denote the set of nonnegative resp. positive integers. For a nonnega-
tive integer n, we put
    4n  1, 2, . . . , n , 0 .
Ž .We write Sym N for the symmetric group on a set N. In particular,
Ž .S  Sym n is the symmetric group of degree n, where we think that Sn 0
consists of only an identity element.
2.2. Comma Categories
ŽFor a category C and its object X, the comma category CX or often
.C X is the category of objects over X, that is, an object of this category
Ž .is a morphism  : A X from an object of C , and a morphism f from
Ž . Ž . : A X to  : B X is a morphism f : A B in C such that
 f  . There is a faithful functor which is often called a localization:

 : CX C ; A X  A. 2.2.aŽ . Ž .X
More generally, given functors F: AC and G: BC , the comma
Ž .category FG is defined to be the category of the triples X,  , Y , where
Ž . Ž . Ž . Ž .X A, YB, and  : F X G Y . A morphism f , g : X,  , Y 
Ž   .  Ž .X ,  , Y is a pair of f : X X  and g : Y Y such that G g 
 Ž .   F f ; see 9, I.1.6 .
In particular, for a functor F: CD and an object A of C , the
Ž .category AF whose object has the form  , Y , where Y is an object of
Ž . Ž . Ž .F and  : A F A , and whose morphism g :  , Y   , Z is a
Ž .morphism g : Y Z of F such that F g   , is also called a comma
category.
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2.3. The Category of Elements
A very important case of a comma category which plays an important
role in this series is the category of elements of a functor. Let Rel be the
category of sets and relations. For a functor F: C Rel, an element of the
Ž . Ž .functor F is a pair X, s of an object X of C and an element s F X .
Ž . Ž .A morphism f : X, s  Y, t between elements of F is a morphism f :
Ž . Ž . Ž . Ž .X Y in C such that s, t  F f 	 F X  F Y . In this paper, we
Ž .denote the category of the elements of F by Elts F . There is a faithful
functor called a projection

S : Elts F C ; X , s  X . 2.3.aŽ . Ž . Ž .F
Thus we have a functor
 	 : C , Rel CatSE t; F S . 2.3.bŽ .F
Ž .In the case where F is a functor F: C Set, a morphism f : X, s 
Ž .Y, t between elements of F is a morphism f : X Y in C such that
Ž .Ž .  F f s  t; see 9, I, Definition 1.6.4 .
As an example, take the functor

F : C Rel; XAut X ,Ž .
Ž .where for f : X Y, the relation F f is defined by
 , 
  F f 
 f f Aut X , 
Aut Y .Ž . Ž . Ž . Ž .Ž .
Ž . Ž .Then an element of F has the form X,  , where XC , Aut X ,
and it is called a cyclic object in this paper. A cyclic set is often called a
Ž .permutation set. The category Elts F of cyclic objects is equivalent to the
functor category C C, where C is an infinite cyclic group viewed as a
category.
Ž  . Ž .Some books e.g., 30, 31 adopt the symbol H F instead of Elts F .C
However, this notation is not suitable for the present paper because
Ž .Elts F is corresponding to the ‘‘derivation’’ of F as is shown in the next
Ž .paper II of this series.
2.4. E-Structures
Let F: E S be a faithful functor and let N be an object of S . Then
Ž . Ž .an E-structure on N along F is a pair X,  of an object X of E and an
Ž . Ž .isomorphism  : F X N in S . Here, N resp.  is called the label set
Ž . Ž . Ž .resp. the labeling . A morphism f : X,   Y, 
 between E-structures
Ž .on N along F is a morphism f : X Y in E such that 
 F f   .
Ž .Thus E-structures on N make a category Str EN . The set of the
Ž .isomorphism classes of E-structures on N is denoted by Str EN  .
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Ž .  Thus an element of Str EN  has the form X,  , where X is an

Ž .object,  : F X N, and
    X ,   Y , 
 there exists f : X Y such that 
 F f   .Ž .
2.5. Functors with Finite Fibers
We say that a functor F: CD has finite fibers if for any object Y of
D there are only finitely many isomorphism classes of object X of C such
Ž .that F X  Y:
1F Y   XC  F X  Y  . 4Ž . Ž .
This notion is essential in this paper as is shown by the following lemma.
2.6. LEMMA. Let F: E S be a faithful functor into a category S with
each automorphism group finite. Then the following hold.
Ž .1 Under one of the following assumptions, F has finite fibers:
Ž .a F has a right adjoint functor and each object X of E has only
finitely many subobjects.
Ž .b F has a left adjoint functor and each object X of E has only
finitely many quotient objects.
Ž .  Ž . 2 Str EN    for any object N of S if and only if F has
finite fibers.
Ž . Ž .Proof. 1 Under condition a , let R: S E be a right adjoint functor
Ž .to F and let  : F X N be an isomorphism. Then its adjoint  :ˆ
Ž .X R X is a monomorphism. In fact, for any u,  : A X such that
Ž . Ž . u   , we have that  F u   F  and so u by the facts that ˆ ˆ
is an isomorphism and that F is faithful. Thus X is isomorphic to a
Ž .subobject of R N and so there are only finitely many such X ’s by
Ž . Ž .assumption a . By the duality, b also implies the finiteness of each fiber.
Ž . Ž .2 Assume first that F has finite fibers. If two E-structures X,  and
Ž .Y, 
 are isomorphic, then clearly X Y. Thus
Str EN   Aut NŽ . Ž .Ý
Ž .X : F X N
 Aut N  X E F X N  , 4Ž . Ž .
where the summation is taken over complete representatives of objects X
Ž .on E such that F X N, as required. The converse follows from the
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existence of a surjection
 1    Str EN  F N  ; X ,   X .Ž . Ž .
2.7. Remark. The assumption of the faithfulness of F in Lemma 2.6
Žand also in the definition of E structures, Theorems 4.6 and 3.6, and
.Corollary 5.9 can be replaced by the faithfulness on automorphisms. A
functor F: E S is called faithful on automorphisms if an automorphism
Ž . of an object X of E such that F   1 is only an identity morphism
of X.
2.8. EXAMPLESURJECTIONS. Let Surj be the category of surjections of
p
finite sets, that is, an object is a surjection XX between finite sets and
p q
  Ž . Ž . Ž .a morphism f , f : XX  YY is a pair of maps f : X Y and
f : Y Y  such that f  p q f. Define a faithful functor F: Surj Set fp
 Ž . Ž .by X X  X. Then a Surj-structure XX ,  on N gives a
 1Ž  .4  4 partition  p x of N. Conversely, a partition B , . . . , B of Nx  X 1 kp
Ž   . Ž .gives a Surj-structure N k , id , where p x  i if x B . In particu-i
 Ž  .  Ž .lar, Str Surj n  is equal to the Bell number b n , that is, the
 number of equivalence relations on n .
2.9. EXAMPLEGRAPHS. Let Graph be the category of simple graphs
and let V: Graph Set be the functor which assigns a graph to its vertexf
set. Then an isomorphism class of Graph-structures on a finite set N along
Ž .V is a graph structure N, E , where E is a two-point subset of N on the
vertex set N.
2.10. EXAMPLEG SETS. Let G be a finitely generated group and let
SetG be the category of finite G-sets and G-maps. Let H be a finitelyf
generated subgroup of G. Then there is a faithful functor which is defined
by the restriction of the action to H:
G G  HRes : Set Set ; X X . 2.10.aŽ .H f f
Ž .Since the restriction functor has a left and also a right adjoint functor, it
has finite fibers by Lemma 2.6. Let N be a finite H-set with associated
permutation representation

 : H Sym N ; h i hi , 2.10.bŽ . Ž . Ž .H
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and put
Hom G , Sym N ; H ,   Hom G , Sym N     .Ž . Ž .Ž . 4Ž .H H H
2.10.cŽ .
Ž Ž ..Note that since G is finitely generated, Hom G, Sym N is a finite set.
Then there is a bijection
G Str Set N  Hom G , Sym N ; H ,  2.10.dŽ . Ž .Ž .Ž .f H
defined by
 1 X ,   : g  g : i  g   i ,Ž . Ž .Ž .Ž .Ž .
  : G Sym N  N , 1 ,Ž .Ž .
Ž Ž .Ž ..the G-action on N is defined by gi  g i .
   4In the case where H is trivial and N n  1, 2, . . . , n , the restriction
functor becomes the forgetful functor
G F : Set Set ; X Xf f
and we have a bijection
G  Str Set  n  Hom G , S . 2.10.eŽ . Ž .Ž .f n
3. SPECIES
3.1. Species
Let Bij be the category of finite sets and bijections. Then a species is af
functor A: Bij  Set . A morphism between two species is defined to be af f
natural transformation. Thus the category of species is the functor cate-
 gory Bij , Set . The image of a finite set E by the species A is writtenf f
  Ž .usually as A E instead of A E and its element is called an A-structure
with label set E.
     Clearly, the cardinality A E depends only on the cardinality E of E.
       4We simply write A n for A n , where n  1, 2, . . . , n . Then the sym-
 metric group S acts on the set A n . A species A is completely deter-n
  4mined, up to equivalence, by the series A n , where for each n,n0, 1, 2, . . .
 A n is an S -set.n
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3.2. Generating Functions of a Species
 There are several kinds of generating functions of a species A 7, 26 .
Ž .The exponential generating function of a species A is the formal power
series
  A n
nA x  x . 3.2.aŽ . Ž .Ý n!n0
The label generating function is

n˜  A x  A n S x , 3.2.bŽ . Ž .Ý n
n0
 where A n S is the set of S orbits.n n
Ž . Ž .3.3. CatSet and GpdSetf f f f f f f f
Ž .A groupoid is a possibly large but skeletally small category in which all
morphisms are isomorphisms; thus, it is equivalent to a disjoint union of
some groups viewed as categories. A homomorphism of groupoids is a
functor between groupoids as categories. All groupoids and homomor-
phisms form a category Gpd.
Ž .Let CatSet be the category defined by the following data:f f f f
Ž .i An object is a faithful functor S: C Set with finite fibersf
Ž .from a necessarily locally finite and skeletally small category C.
Ž .ii A morphism from S: E Set to T : F Set is a pairf f
 F ,  , where F : E F , : TFS.
S T     Ž . Ž .For two morphisms F,  , F ,  : ESet  FSet , the equalityf f
is defined by
      F ,   F ,  there exists  : FF such that   T  ,Ž .
where T 1  denotes the horizontal composition.T
Ž .iii The composition of
   G , S T UF ,   
ESet FSet GSetf f fž / ž / ž /
is defined by
 F    G ,   F ,   GF , UGF TFS .
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Ž . Ž .Furthermore, GpdSet denotes the full subcategory of CatSetf f f f f f f f
consisting of faithful functors with finite fibers from groupoids.
3.4. The Groupoid Associated to a Species
We construct a functor

	 : Bij , Set GpdSet . 3.4.aŽ .Ž .f f f f f f
For a species A: Bij  Set , the category of elementsf f
Elts A  N , a N Bij , a A N 3.4.bŽ . Ž . Ž . Ž . 4f
is a groupoid and the projection

S : Elts A Set ; N , a N 3.4.cŽ . Ž . Ž .A f
is clearly faithful and has finite fibers, and so we obtain an object S ofA
Ž . Ž .GpdSet . The functor 	 is defined by 	 A  S on objects.f f f f A
Any morphism  : A B of species induces the functor

	  : Elts A Elts BŽ . Ž . Ž .
defined by
	  N , a  N ,  N a ,Ž . Ž . Ž . Ž .Ž . Ž .
g g
    
	  N , a  N , a  N ,  N a  N ,  N a ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .ž / ž /
Ž Ž .Ž .. Ž .Ž Ž .. Ž .where  A g a  B g  a . Since S  S 	  , we obtain theN N A B
required functor 	.
3.5. The Species of E-Structures
Let S: E Set be a faithful functor. For any finite set N and anyf
bijection g : NN , define a functor A : Bij  Set byS f
A N  Str EN  ,Ž . Ž .S
     A g : Str EN  Str EN  ; X ,   X , g .Ž . Ž . Ž .S
By Lemma 2.6, if the functor S: E Set has finite fibers, thenf
 Ž .   Ž . A N  Str EN   , and so the functor A is a species.S S
We can now define a functor
 : CatSet  Bij , Set . 3.5.aŽ .Ž .f f ff f f
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On objects,  is defined by
 S : E Set  A . 3.5.bŽ .Ž .f S
Furthermore, let T : F Set be another faithful functor with finitef
 fibers and let F,  : S T be a morphism. Then a morphism of species
  F ,  : A  AS T
is defined by
    F ,  : Str EN  Str FN  ; X ,   F X ,   .Ž . Ž . Ž .N X
Hence we obtain the required functor .
  Ž .3.6. THEOREM. Bij , Set  GpdSet .f f f f f f
Proof. We prove that the functors 	 and  give an equivalence
Ž .between the above two categories. It will suffice to show that a 	 Id,
Ž . Ž .b  is faithful, and c 	 is dense, that is, any faithful functor with finite
fibers from a groupoid to Set is isomorphic to the image of a speciesf
under 	.
Ž . Ž .a First, let A be a species and put B 	 A . Then any element of
  Ž . Ž .  Ž .B N has the form N, a , 1 . In fact, for any a  A N and  : N N,
we have
  N , a ,   N , A  a , 1 .Ž . Ž . Ž .Ž .
Ž .  Ž .  Furthermore, N, a , 1  N, a , 1 if and only if a a . Thus there is a
Ž . Ž .bijection between A N and B N defined by

a  A N N , a , 1  B N .Ž . Ž . Ž .Ž . Ž .
This correspondence is clearly natural on N and A, and so we have a
natural isomorphism of functors:
	 Id.
Ž .    b We next show that  is faithful. Let F,  and G,  be two
morphisms from S: G Set to T : H Set , where G, H are groupoidsf f
and S, T are faithful functors with finite fibers. Assume that
   T F ,    G ,  : Str GN  Str HN  .Ž . Ž .
  Ž .Then for any X,   Str GN  , we have
F X ,   G X ,  ,Ž . Ž .X X
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Ž . Ž .that is, there is an isomorphism 
 : F X G X such that  X X
Ž . Ž . T 
 . Since  is an isomorphism, we have that    T 
 and soX X X X X
1 T 
    : TF X TG X .Ž . Ž . Ž .X X X
Ž Ž . Ž . Ž ..Thus X T 
 : TF X  TG X is natural on X because : TFX X
S and : TG S are natural transformations, and so it follows from the
Ž .faithfulness of T that X 
 is also natural. Hence 
 
 : FG isX X
Ž .    a natural isomorphism satisfying   T
 , that is, F,   G,  , as
required.
SŽ .c Finally, let GSet be a faithful functor with finite fibers fromf
a groupoid. Define the species A and a functor T byS
A   S : N Str GN  ,Ž . Ž .Ž .S
  T	 A : Elts A Set ; N , X ,  N.Ž . Ž . Ž .S S f
We want to show that the functor
  F : G Elts A ; X S X , X , 1Ž . Ž .Ž .S
gives an equivalence of groupoids, which then gives a required isomor-
   phism F, 1 : S T. The functor F, 1 is faithful because S is. To proveS S
  Ž Ž .  . Ž Ž .  .that F, 1 is full, let g : S X , X, 1  S Y , Y, 1 be a morphism inS
Ž . Ž . Ž .    Elts A so that g is a mapping from S X to S Y with X, g  Y, 1 S Ž Ž ..Str GS Y  and so there is an isomorphism f : XY in G such that
Ž .S f  g. This means that the morphism g comes from f via F. Thus the
  Ž  .functor F, 1 is full. Furthermore, let N, X,  be any object ofS
Ž .Elts A . Then there is an isomorphismS
     : F X  S X , X , 1 N , X ,  .Ž . Ž .Ž . Ž .
Hence F is an equivalence. The theorem was proved.
3.7. Other Kinds of Species
 Besides Joyal’s original species 26 , there are many kinds of species;
  Ž  I-species 36 , S-species or permutation species 6, 26 , symmetric species
       34 , species on digraphs 35 , polynomial species 8 , K-species 28 , Mobius¨
 species 37 , and so on. Some of them have corresponding faithful functors
with finite fibers. For example, for a finite set I, an I-species is a functor
Bij I Set , where Bij I is the comma category over I, and a speciesf f f
on digraphs can be viewed as an I I-species. An I-species bijectively
corresponds to a faithful functor G Set I with finite fibers from af
Ž I .locally finite groupoid G to the comma category Set I  Set .f f
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Ž . Ž C .An S-species or permutation species is a functor from Set , thef iso
Ž .  category of cyclic finite sets Section 2.3 and isomorphisms, to Set 6 .f
Then the faithful functor corresponding to an S-species is a functor from a
groupoid to SetC.f
 Similarly, Chen’s compositional 11 is also viewed as a functor from
Surj to Set , where Surj is the category of surjections between finiteiso f iso
sets with bijections as morphisms. The faithful functor corresponding to a
Ž .compositional M is the one from the category of elements Elts M , which
forms a groupoid, to Set .f
4. FORMAL EXPONENTIAL FUNCTIONS
4.1. The Space of Formal Power Series
Let R be a commutative Q-algebra and let E be a skeletally small
 op category. Then R E  denotes the R-module of formal power series
with exponents in E :
f t   a t N , a  R . 4.1.aŽ . Ž .Ý N N
NE
Here Ý means the summation on all isomorphism classes of objects of E
and the variable t N is regarded as the isomorphism class containing N in
the dual category E op, and so t M  t N if MN. When the above
Ž .summation is finite, f t is called a polynomial; the R-module of such
 op polynomials is denoted by R E  . We do not consider multiplication
of formal power series until Section 5.1 at this time.
For the category of finite sets, since an isomorphism class of finite sets is
N n  determined by its cardinality, we usually denote t by t , where n N .
Thus we identify the power series with exponents in Set with the usualf
power series in one variable,

 N na t  a t , 4.1.bŽ .Ý ÝN n
n0NE
   4 n nwhere a  a , n  1, . . . , n , and t  t .n n
4.2. The Exponential Generating Functions
Ž .The exponential generating function of a skeletally small and locally
Ž .finite category E is the formal infinite sum
t X
 op E t   R E  . 4.2.aŽ . Ž .Ý Aut XŽ .XE
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4.3. Other Generating Functions
The ordinary generating function of a skeletally small and locally finite
Ž .category E is the formal infinite sum
 X op˜  E t  t  R E  . 4.3.aŽ . Ž .Ý
XE
We furthermore define the Dirichlet generating function of E as the formal
sum

op tE t  E t  X , 4.3.bŽ . Ž . Ž .ÝDir
XE
From the viewpoint of the theory of species, the ordinary generating
 function corresponds to the label generating series 7 ; see Corollary 4.8.
4.4. Remark. Let E be the subcategory of E consisting of all objectsiso
and all isomorphisms of E. Then clearly we have
˜E t  E t , E t  E t . 4.4.aŽ . Ž . Ž . Ž . Ž .iso iso
Thus it seems apparent that the nonisomorphic morphisms in E have no
meaning for generating functions. However, it is essential to consider a
more general category E not a groupoid if we apply a functor on a
generating function or substitute some element for the variable t X. For
Ž .example, the ‘‘value’’ of E t at T E ,
Hom X , TŽ .
E t  , 4.4.bŽ . Ž .ÝtT Aut XŽ .XE
is not the same as
E t  1;Ž . tTiso
see Section 5.3.
4.5. A Linear Map Induced from a Functor
Let F: E S be a faithful functor with finite fibers between skeletally
small categories. Then the functor F induces a linear map
op op   F: R E  R S  4.5.aŽ .
defined by
F  a t X   a t F Ž X .   a t N .Ý Ý Ý ÝX X Xž / ž /
Ž .XE XE N S XE : F X N
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Note that the inner sum is finite by the condition that F has finite fibers.
The series
1
 F Ž X .F t  F E t  t 4.5.bŽ . Ž . Ž .Ž . Ý Aut XŽ .XE
is called the exponential generating function of E along F, which corre-
sponds to the generating function of species. Similarly, the series
˜ ˜  F Ž X .F t  F E t  tŽ . Ž .Ž . Ý
XE
   X E F X N  t N 4.5.c 4Ž . Ž .Ý
N S
is called the ordinary generating function of E along F, which corresponds
to the label generating functon of species.
If F: G Set is a faithful functor with finite fibers from a groupoidf
G associated to a species A, then F and A have the same generating
Ž . Ž .functions: F t  A t .
4.6. THEOREM. Let F: E S be a faithful functor with finite fibers
between skeletally small categories. Then
c Str EN Ž .F Ž X . F Ž X . Nt  c t . 4.6.aŽ .Ý Ý NAut X Aut NŽ . Ž .XE N S
In particular,
Str EN Ž .
 NF t  t . 4.6.bŽ . Ž .Ý Aut NŽ .N S
     Proof. For two E-structures, note that X,   X ,  implies X
     X and that X,   X,  if and only if there is an automorphism
Ž .  Ž . fAut X such that  F f   , that is,  and  are contained in a
Ž Ž .. Ž Ž ..common F Aut X -orbit. Furthermore, since F is faithful, F Aut X 
Ž .Aut X . Thus we have
 Str EN   X ,   X E ,  : F X NŽ . Ž .½ 5
    X ,    : F X NŽ .½ 5Ý
XE
Iso F X , NŽ .Ž . Ý F Aut XŽ .Ž .XE
Aut NŽ .
 . 4.6.cŽ .Ý Aut XŽ .Ž .XE : F X N
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Hence
Str EN  1Ž .
  N Nc t  c tÝ Ý ÝN NAut N Aut XŽ . Ž .Ž .N S N S XE : F X N
4.6.dŽ .
cF Ž X . F Ž X . t 4.6.eŽ .Ý Aut XŽ .XE
as required. In particular, when c  1 for all N S , the last summationN
Ž .is equal to F t .
4.7. COROLLARY. Let E be a skeletally small category with finite automor-
C Ž .phism groups. Let E be the category of cyclic objects Section 2.3 with
projection functor
C F : E E ; X ,   X .Ž .
Then we hae
˜F E t  E t . 4.7.aŽ . Ž . Ž .Ž .
Proof. This formula directly follows from the faithfulness of F and the
existence of the bijection
C Str E N  Aut N ,Ž .Ž .
defined by
1X ,  ,   Aut X ,  Iso X , NŽ . Ž . Ž .Ž .

 N ,  , 1 Aut N .Ž . Ž .Ž .N
4.8. COROLLARY. Let A: Bij  Set be a species accompanied by af f
faithful functor S: G Set with finite fibers from a groupoid G. Then thef
Ž .exponential resp. ordinary generating function of A and the exponential
Ž .resp. label generating function of S coincide with each other:
˜ ˜A t  S t , A t  S t . 4.8.aŽ . Ž . Ž . Ž . Ž .
4.9. EXAMPLESOME SPECIES. Here there are some faithful functors
from groupoids associated to special species.
Ž .a The faithful functor with finite fibers corresponding to the zero
species 0: E is the functor  Set from the empty category. Itsf
exponential generating function is 0.
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Ž .    4  b Let I be a species such that I E   if E and I E 
otherwise. Then the functor corresponding to I is the functor 1 Set :f
, where 1 is the category with only one object  and only one
morphism. Its exponential function is 1 t.
Ž .    4  c A singleton species X is defined by X E  E if E  1 and
 X E  otherwise. The corresponding functor is the functor 1 Set :f
 4  , where 1 is the category with only one object  and only one
morphism. Its exponential generating function is t.
Ž .    4d A uniform species U is defined by U E  E for all finite set
E. Then the corresponding functor is the embedding Bij  Set and itsf f
t  Ž n .exponential function is e Ý t n! .n0
In some species A: Bij  Set can be extended to a functor from Set .f f f
For example, the identity functor Set  Set is an extension of thef f
uniform species U and they have the same exponential function et.
   4  Contrarily, the singleton species X, for which X E  E if E  1 and
 otherwise, can not be extended to Set . Since the category Set off f
finite sets and mappings has richer structures than the category Bij off
finite sets and bijections, it is significant to study faithful functors with
finite fibers instead of species.
4.10. EXAMPLEFINITE GROUPS. Let Gp be the category of finite
groups and homomorphisms, and let F: Gp Set be the forgetfulf
functor. Then an isomorphism class of Gp-structures on a finite set N
bijectively corresponds to a group structure  on N,
 : NNN , 4.10.aŽ .
where, of course, the multiplication  must satisfy the axiom of groups.
Thus the exponential function of the forgetful functor F has the form
1F
G GpSet t  t 4.10.bŽ . Ž .Ýfž / Aut GŽ .GGp
 and the number of group structure on an n-point set n is equal to
1
 Str Gp n   n! . 4.10.cŽ .Ž . Ý Aut GŽ . Gn
Ž .Such summations on finite groups or finite abelian groups appear in
 several areas, e.g., 12, 22 . In particular,
12nn n! 4.10.dŽ .Ý Aut GŽ . Gn
CATEGORICAL ASPECTS OF GENERATING FUNCTIONS 59
presents the probability where a binary operation : NNN satisfies
the group axiom. Furthermore, when n pm is a power of prime, we have
m1 1 1
m  p , 4.10.eŽ .Ý Ý Ł i Aut A A 1 pŽ .m i1  Ž .Ap rk A m
Ž .where the first resp. second summation is taken over all abelian p groups
m Ž .  of order p resp. rank m ; see 22, 29, 52 .
4.11. EXAMPLEG-SETS. Let G be a finitely generated group and let
SetG be the category of finite G-sets and G-maps with the forgetfulf
functor
F : SetG Set ; X X .f f
 Let n,  denote the G-set that corresponds to the homomorphism  :
    G S . Note that n,   n,  as G-sets if and only if there is an innern
automorphism  of S such that   . Thus we haven
1 1
G X n ,  Set t  t  t , 4.11.aŽ . Ž .Ý Ý Ýf Aut X n!Ž .X n0 Ž .Hom G , Sn
1
 F Ž X .F t  tŽ . Ý Aut XŽ .X
 Hom G , SŽ .n n t . 4.11.bŽ .Ý n!n0
G Ž .Similarly, for the restriction functor Res to a subgroup H cf. 2.10 , weH
have
1
G G XHRes  Set t  tŽ .Ž . Ž . ÝH f Aut XŽ .X
 1
n ,   Hom G , S ; H ,  t .Ž .Ý Ý nn!n0 Ž .Hom H , Sn
5. EXPONENTIAL FORMULAS
5.1. The Polynomial Ring
Let E be a skeletally small category with finite coproducts, especially an
initial object . Then the set E op of isomorphism classes of objects of
the dual category forms a multiplicative monoid with a unit element 1 by
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the product operation
t M  t N  t M
N , t 1, 5.1.aŽ .
 op where  is an initial object of E , and so the R-module R E  of
Ž .polynomials Section 4.1 of the form
f t   a t N , a  R , 5.1.bŽ . Ž .Ý N N
NE
where the summation is finite, becomes a semigroup algebra. We call
 op R E  the polynomial ring with exponents in E. When E Set , thisf
 ring is canonically isomorphic to the usual polynomial ring R t in one
variable t by the identification t N t N .
5.2. The Ring of Formal Power Series
Let E be a skeletally finite category with finite coproducts. To extend
the multiplication of polynomials to that of power series, we need the
following additional assumption:
Assumption. For any object N of E , there exist only a finite number of
Ž .isomorphism classes of pairs A, B of E such that N A
 B.
 op Under this assumption, the R-module R E  of infinite R-linear
N Ž . Žcombinations of t N E becomes an R-algebra the complete
.semigroup algebra equipped with the product defined by
 a t N   b t N   c t N ,Ý Ý ÝN N Nž / ž /
NE NE NE 5.2.aŽ .
c  a  b ,ÝN A B
A
BN
Ž .where A, B runs over all pairs of the isomorphism classes of the objects
in E such that A
 BN. By the above assumption, the summation
Ž .5.2.a is finite and the product is well defined.
5.3. Substitution
We next consider substituting an element of a ring for the variable t of a
power series
f t   a t N a  R .Ž . Ž .Ý N N
NE
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˜Let R be a commutative ring containing R as a subring. A multiplicatie
˜inariant of E is a map 
 : E R satisfying the following conditions:
Ž . Ž . Ž .i MN  
 M  
 N ,
Ž . Ž . Ž . Ž . Ž .ii 
   1, 
 M
N  
 M  
 N ,
Ž .Then we can substitute 
 for t in f t :
f 
   a 
 N . 5.3.aŽ . Ž . Ž .Ý N
NE
˜Here this series cannot converge to an element of R in general. However,
Ž . Ž .except for the problem of convergence, the substitution f t  f 
 is a
˜Ž .ring homomorphism. This series 5.3.a converges in R with discrete
topology if and only if
˜Ž .  Ž . 4iii  N E a 	 0, 
 N  c   for any c R.N
5.4. Examples of Inariants
Ž .1 A typical example of a multiplicative invariant of a skeletally
small and locally finite category with finite coproducts is the Yoneda
inariant associated to X E :
 : N Hom N , X .Ž .X
Ž .2 If F: E Set is a functor preserving coproduct, thenf
N   
 : N x  R x ,F
where x is an indeterminate, is a multiplicative invariant.
Ž . Ž .3 Assume that E is a locally finite and skeletally small full
Ž .subcategory of a topos closed under subobjects and coproducts 25, 31 .
Ž .Denote by Sub X the set of subobjects of X. Then
sub: N Sub NŽ .
is a multiplicative invariant. When E is a subcategory of a topos closed
under subobjects, this invariant is equal to the Yoneda invariant associated
to the subobject classifier .
Ž . Ž .4 Assume that E is a strict KS category see Section 5.5 . Let
Ž . ŽSub X denote the set of complementary subobjects of X see Section
.2.1 . Then
sub : N Sub NŽ . 
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is a multiplicative invariant. When E is a subcategory of a topos closed
under complementary subobjects, this invariant equals the Yoneda invari-
ant associated to 1
 1.
Ž .5 The product of two multiplicative invariants is also a multiplica-
˜tive invariant. Furthermore, if 
 : E R is a multiplicative invariant and z
is a new indeterminate, then
zz


 : N 
 NŽ .
is a multiplicative invariant into the ring of ‘‘Dirichlet series.’’ The univer-
sal multiplicative invariant of E is given by N t N into the polynomial
 op ring R E  .
5.5. Strict KS Categories
Let E be a category with any finite coproducts. A connected object J is
a noninitial object satisfying the condition that J A
 B implies that A
or B is an initial object. The full subcategory of connected objects of E is
Ž . Ž .denoted by Con E . The category E is a strict KS-category if the
following strict KrullSchmidt type property holds:
KS Property. Any object X is isomorphic to a coproduct of some finite
number of connected objects and a coproduct decomposition of X is unique in
the following sense: if X I 
 
I  J 
 
J are two coproduct1 m 1 n
decompositions into connected objects with canonical injections i : I  X 
and j : J  X, then m n and there exist a permutation  S and  n
isomorphisms f : I  J such that j f  i for all  1, . . . , n.   Ž .  Ž .  
Let E be a strict KS category. Then any object X can be uniquely
represented as a finite coproduct
X  n X J , 5.5.aŽ . Ž . J
J
where J ’s are representatives of isomorphism classes of connected objects.
Ž . Ž . Ž .Furthermore, n X J is the coproduct of n X copies of J and n X 	J J J
0 only for finitely many J. The above coproduct decomposition is called a
Ž Ž ..KS decomposition of X with KS type n X .J
5.6. Remark. The uniqueness of the usual KrullSchmidt decomposi-
tion for categories with finite biproducts states that if M I   I1 m
Ž . J   J is a biproduct or simply coproduct decomposition into1 n
indecomposable objects with canonical injections i : I M and j :  
J M, then m n and there exist a permutation  S , isomorphisms n
Ž .f : I  J , and an automorphism fAut M such that f i    Ž . 
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j  f for all  . We can build an analogue theory for semisimple Ž . 
 additive KS categories. In his book, Dur 17 defined KS categories and¨
proved some exponential formulas for such categories. His definition of KS
categories contains the injectivity of coproducts and the disjointness of
Ž Ž ..coproducts see 2.1.a . These conditions hold for many important cate-
gories, for example, the category of finite sets and the category of finite
Ž  .dimensional vector spaces over a finite field see 17, 2.15 and 2.28 .
However, in this paper a KS category always means a strict one.
5.7. LEMMA. Let X n J be a KS decomposition of X. Then  
Aut X  Aut J wr S , 5.7.aŽ . Ž . Ž .Ž .Ł  n

where wr stands for a wreath product. In particular,
nAut X  Aut J n !. 5.7.bŽ . Ž . Ž .Ł  

Proof. Take the canonical injections
j : J  X n J  1, . . . , n .Ž .    

Then the required group isomorphism is defined by the correspondence

f f , ,Ž .Ž . , 
where
   S 	 SŽ . Ł n n 

Ž .as follows. Given f , the family of morphisms f and  are uniquely , 
determined by the commutative diagram
f ,  
J J 

ij  ,  Ž  . , 
 f 
X X
ŽŽ . .Conversely, given f , , the above commutative diagram uniquely , 
determines the endomorphism f.
Ž .5.8. THEOREM Exponential Formula . Let E be a skeletally small KS
Ž .category and let JCon E be the full subcategory of connected objects of
E. Then
E t  exp J t . 5.8.aŽ . Ž . Ž .Ž .
TOMOYUKI YOSHIDA64
Ž .  op Here the power series J t is iewed as an element of Q E through the
canonical embedding J	 E.
Proof. By the definition of KS decomposition and Lemma 5.7, we have
t J
exp J t  expŽ .Ž . Ýž /Aut JŽ .J J
t J
 expŁ ž /Aut JŽ .J J
 n Jt
 Ł Ý nž /n! Aut JŽ .J J n0
t n J J
 Ý Ł n Jn ! Aut JŽ .J JŽ . JnJ
1
 n JJ tÝ n JŁ n ! Aut JŽ .Ž . J JnJ
1
 n JJ tÝ Aut  n JŽ .J JŽ .n J
t X
  E t ,Ž .Ý Aut XŽ .XE
Ž . Ž .where n in the above summations runs over all J -indexed nonneg-J
ative integers with Ý n  , proving the theorem.J J
5.9. COROLLARY. Let E be a skeletally small KS category, let J
Ž .Con E be the full subcategory of connected objects of E , and let F: E S
be a faithful functor with finite fibers presering finite coproducts. Then the
following holds:
Str E  Str J Ž . Ž .
 N Nt  exp t . 5.9.aŽ .Ý Ýž /Aut N Aut NŽ . Ž .N S N S
Proof. Since the functor F has finite fibers, it follows from Theorem
4.6 that
Str EN Ž .F  NF E t  E S t  t ,Ž . Ž .Ž . Ýž / Aut NŽ .N S
Str JN Ž .F  NF J t  J S t  t .Ž . Ž .Ž . Ýž / Aut NŽ .N S
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Furthermore, F preserves coproducts and so the linear map
op op X F Ž X .   F: R E   R S  ; t  t 5.9.bŽ .
gives an R-algebra homomorphism. Thus
F exp J t  exp F J t . 5.9.cŽ . Ž . Ž .Ž . Ž .Ž . Ž .
Now the statement follows from taking the image of the exponential
Ž . Ž Ž .. Ž .formula E t  exp J t Theorem 5.8 by F.
Ž .5.10. THEOREM Binomial Theorem . Let E be a skeletally small KS
Ž .category and let JCon E be the full subcategory of connected objects of
E. Then
1
E˜ t  5.10.aŽ . Ž .Ł Iž /1 tI J
1
 n I exp t . 5.10.bŽ .Ý Ýž /nn1 I J
Proof. Using KS decomposition, we have
˜  nI IE t  tŽ . Ý
Ž .nI
nI I tŽ .Ý Ł
I JŽ .nI
n I tŽ .Ł Ý
I J n0
1
 ,Ł I1 tI J
Ž .where n runs over nonnegative integers indexed by J such thatJ
Ž . Ž .Ýn   as before. 5.10.b follows from 5.10.a by an easy calculation.J
6. EXAMPLES
6.1. LEMMA. Assume
 a bn nn nt  exp t .Ý Ýž /n! n!n0 n1
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Then the following hold:
Ž . Ž .Ž .  i Ž .1 a  n!Ý Ł 1 ! bi! n 1 , a  1, where the sum-n  n i i i 0
Ž .mation is taken oer  ,  , . . . of nonnegatie integers such that Ý i  n.1 2 i i
Ž . Ž . Ž .Ž .  i Ž .2 b n!Ý 1
Ý  !Ł 1 ! a i! n 1 .n  n i i i i i
n nŽ . Ž . Ž .3 a Ý a b n 0 .n
1 i0 i ni
1i
Proof. Trivial.
6.2. Bell Polynomials
 Here is a typical but rather old example 40, 2.8 . Let Surj be the
Ž .category of surjections of finite sets Example 2.8 . A connected object in
this category has the form
       4J n  n  1 , n  1, 2, . . . , n n 1 . 6.2.aŽ . Ž . Ž .Ž .
p
Ž .  Then the isomorphism classes of objects of XX such that X  n
bijectively correspond to the partitions of n. In fact, the surjection p gives
a partition  11 2 2 , . . . , nn, where  is the number of elementsi
  1Ž . Ž .x  X such that p x has i elements, and so  is the KS type ofip
   1 2 nŽ .XX . Conversely, a partition  1 2  n gives an object
n
 J i 6.2.bŽ . Ž . i
i1
Ž Ž ..of Surj. Since Aut J i  S , we havei
Aut  J i  S wr S . 6.2.cŽ . Ž . Łi i ž / i
ii
Thus
1   X X Surj t  tŽ . Ý Aut X X Ž . XX
 1
  J Ž i.i tÝ Ý  iŁ  !i!i in0 n
 1 nJ Ž1. J Žn. 1 t t
  , 6.2.dŽ .Ý Ý ž / ž / !   ! 1! n!1 nn0 n
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where  11  nn runs over the partitions of n. This summation is
Ž  .conventionally written as if it is a power series in one variable e.g., 6 :
 1
t . 6.2.eŽ .Ý Ý
!n0 n
On the other hand, the exponential generating function associated to
Ž .JCon Surj , the category of connected objects in Surj, is
 J Ž i.  J Ž i.t t
J t   . 6.2.fŽ . Ž .Ý ÝAut J i i!Ž .Ž .i1 i1
Ž Ž ..Thus the exponential formula gives the identity Lemma 6.1 1
 1 nJ Ž1. J Žn. J Ž i. 1 t t t
  exp . 6.2.gŽ .Ý Ý Ýž / ž / ž / !   ! 1! n! i!1 nn0 n i1
This identity is usually written by using so-called Bell polynomials. Substi-
tuting fg t i for each indeterminate t J Ž i., we havei
 Y fg , . . . , fgŽ .n 1 n nSurj t  t , 6.2.hŽ . Ž .Ý n!n0
where the polynomial
 1 nn! fg fg1 n
Y fg , . . . , fg   6.2.iŽ . Ž .Ýn 1 n ž / ž / !   ! 1! n!1 nn
in variables f , g , g , . . . , g is just the Bell polynomial. Thus the exponen-1 2 n
tial formula gives the well-known formula
  iY fg , . . . , fg fg tŽ .n 1 n int  exp . 6.2.jŽ .Ý Ýž /n! i!n0 i1
Ž .Furthermore, the binomial theorem Theorem 5.10 simply means the
trivial identity
1   X X Surj t  t  . 6.2.kŽ . Ž .Ý Ł J Ž i.1 t i1 XX
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Substituting the multiplicative invariant
t , im ,J Ž i.t  ½ 0, i
m ,
we have the usual binomial identity
m Ýni1 t  tŽ . Ý
n , . . . , n 01 m

k  n , . . . , n n  k tŽ .Ý Ý½ 51 m i
k0

m
 k 1 k t .Ý ž /k
k0
 X   X X   Ž .Furthermore, substituting t for t in 6.2.k , we have
 1
  X  nt  1
 p n t  , 6.2.lŽ . Ž .Ý Ý Ł i1 t i1  n1XX
Ž .where p n is the partition number. Remember here that the isomorphism
class of the surjection p is determined by the partition corresponding to p.
6.3. Bell Numbers
Ž .  A Bell number b n is the number of equivalence relations on n . Then
as is well known, the exponential generating function of the Bell numbers
satisfies
 b nŽ .
n tt  exp e  1 . 6.3.aŽ . Ž .Ý n!n0
This formula directly follows from our exponential formula. Let Surj be
p
Ž .the category of surjections XX and let F: Surj Set be a faithfulf
p p
 Ž . ŽŽ . Žfunctor defined by F XX  X. Any Surj-structure XX ,  :
p1 .. ŽŽ . .XN on N is isomorphic to N X , 1 . Furthermore, two Surj-
p q
 ŽŽ . . ŽŽ . .structures NX , 1 and NX , 1 are isomorphic if and only if
there is a bijection g : X  X  such that g p q. Thus an isomorphism
class of Surj-structure on N bijectively corresponds to an isomorphism
class of surjection from N, that is, an equivalence relation on N, and so we
have
  Str Surj n  b nŽ .Ž .F n nSurjSet t  t  t , 6.3.bŽ . Ž .Ý Ýfž / n! n!n0 n0
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   4 Ž .where n  1, . . . , n . On the other hand, an object X X of Surj is
 Ž .connected if and only if X is a one-point set, and so J Con Surj is
equivalent to the category of nonempty finite sets. Thus we have
 ntF tJSet t   e  1. 6.3.cŽ . Ž .Ýfž / n!n1
Ž .Now, the required formula 6.3.a on the Bell number generating function
 follows from the exponential formula. See 41 .
6.4. Wohlfahrt Formula
Let G be a finitely generated group and let SetG be the category off
finite G sets and G maps with the forgetful functor
G F : Set Set ; X X .f f
Any connected finite G-set is isomorphic to the homogeneous G set GH
for a subgroup H of G of finite index, and GHGK if and only if H
Ž . Ž .and K are conjugate in G. Since Aut GH N H H and the numberG
Ž Ž ..of subgroups conjugate to a subgroup H is equal to G : N H , we haveG
tGH tGH
GCon Set t   , 6.4.aŽ . Ž .Ž . Ý Ýž /f Aut GH G : HŽ . Ž .GH H Gf
where H runs over subgroups of G of finite index. Thus, by Theorem 5.8,
we have the exponential formula
t X tGH
GSet t   exp . 6.4.bŽ . Ž .Ý Ýf ž /Aut X G : HŽ . Ž .X H Gf
 Applying Corollary 5.9 to the functor F, we have the Wohlfahrt 50
formula
ŽG : H . Hom G , S tŽ .n nt  exp . 6.4.cŽ .Ý Ýž /n! G : HŽ .n0 H Gf
 Ž . In general, Hom G, S expresses the number of solutions to somen
simultaneous equation in S . For example, let G be a free abelian groupn
 Ž .  Ž .of rank 2, so that Hom G, S equals the number of pairs x, y in Sn n
Ž .such that xy yx. In this case, G has  m subgroups of index m, where
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Ž . m is the summation of all divisors of n. Thus we have
  x , y  S  S  xy yx  m 4Ž . Ž .n n n mt  exp t .Ý Ýž /n! mn0 m1
Note that, as is well known, for any finite group G,
1
 x , y GG  xy yx 4Ž .
 G
equals the number of conjugacy classes of G. Thus we have
   mŽ .
n mp n t  exp t , 6.4.dŽ . Ž .Ý Ýž /mn0 m1
Ž .where p n denotes the number of partitions of n. This formula is another
expression of the fundamental identity 40, Chap. 6, Sect. 2; 1, Proposi-
tion 5.16
  1
np n t  .Ž .Ý Ł n1 tn1n1
 For generating functions related to group theory, refer to Yoshida 53 .
6.5. Een Permutation Representations
Let G be a finitely generated group. An een G-set is a finite G-set
corresponding to a group homomorphism G A into an alternatingn
group A of some degree. A transitive G-set GH associated to an
subgroup H is even if and only if
² :x GH  G : H mod 2 6.5.aŽ . Ž . Ž .
for any 2-element x of G. We define the signature of a finite G-set by

1, if X is an even G-set,sgn X Ž . ½1, else.
Ž . Ž . Ž .Clearly, it satisfies sgn X
 Y  sgn X  sgn Y . The category of even
G-sets is not a KS category, and so we cannot apply our exponential
formula directly.
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However, the generating function for even G-sets can be easily obtained
from the exponential formula
t X tGH
  exp .Ý Ýž /Aut X G : HŽ . Ž .X H Gf
Ž . X XIn fact, substituting sgn X t for t , we have
sgn X t X sgn GH tGHŽ . Ž .
  exp , 6.5.bŽ .Ý Ýž /Aut X G : HŽ . Ž .X H Gf
and so
t X 1 tGH
  expÝ Ýž /Aut X 2 G : HŽ . Ž .X : even H Gf
1 sgn GH tGHŽ .

 exp , 6.5.cŽ .Ýž /2 G : HŽ .H Gf
where X runs over a complete set of representatives of the isomorphism
classes of even G-sets and H runs over all subgroups of G of finite index.
In the same manner as the proof of the Wohlfahrt formula, we obtain
the required formula for the number of homomorphisms into alternating
groups:
ŽG : H . Hom G , A 1 tŽ .n nt  expÝ Ýž /n! 2 G : HŽ .n0 H Gf
1 sgn GH t ŽG : H .Ž .

 exp . 6.5.dŽ .Ýž /2 G : HŽ .H Gf
In particular, when G is a cyclic group of order m, we have
 m k  A    1 1 t 4n nt  expÝ Ýž /n! 2 kn0 km
k1 k1 1 tŽ .

 exp ; 6.5.eŽ .Ýž /2 kkm
  Ž .see Riordan 40, Ex. 22, p. 89 . Essentially the same formula as 6.5.d for
 an abelian group G is also proved by Takegahara 47 .
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6.6. Cyclic Sets
For an infinite cyclic group C, a finite C-set X is viewed as a cyclic set
Ž . ŽX, , that is, a finite set X equipped with a permutation  on X see
. Ž . Ž .Section 2.3 . A morphism f : X,  Y, 
 is a map f : X Y such that

  f f . The category of cyclic sets is denoted by SetC. The typef
Ž .of the cyclic set X, is the type of the permutation  . The isomor-
phism classes of cyclic sets are completely characterized by their types. If
1 2 Ž . Ž .1 2  is the type of X, , then X, has the KS decomposition
   X ,   1 
 
 i 
  , 6.6.aŽ . Ž .1 i
   4where i  1, . . . , i is the unique connected cyclic set with cyclic permu-
Ž . Ž .tation 1, 2, . . . , i . Since Aut i is a cyclic group of order i, KS decompo-
sition gives
 i Aut  i  i  !. 6.6.bŽ . Łi iž /
ii
Thus
 i1 tiC  i Set t  t  t , 6.6.cŽ . Ž .Ž .Ý Łf iž / ! ii iŽ . i
 1
CCon Set t  t . 6.6.dŽ . Ž .Ž . Ýf iii1
By the exponential formula we have
 i 1 t 1i  exp t . 6.6.eŽ .Ý Ł Ý iž / ž / ! i ii iŽ . i1 i
Now for any nonnegative integer m, define a faithful endfunctor as
C  C  mF : Set Set ; X , X , .Ž . Ž .m f f
The endfunctor F of SetC is called a Frobenius functor; it has a leftm f
adjoint functor V called a Verschiebung functor, and so F has finitem m
 fibers by Lemma 2.6. Refer to 10; 11, 2.8; 24; 34; 38, 1.4 for Frobenius
 and Verschiebung functors, and refer to 16 for the category of cyclic sets,
especially its Burnside ring and its relations with Witt vectors, necklace
rings, and lambda rings.
Ž .  Let N,  be a cyclic set of type  with N  n. Then there is the
bijection
C  mStr Set  N ,    Sym N    Ž . 4Ž .Ž .f  
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defined by
1X , ,   ,Ž .

 N , , 1 .Ž .
Thus we have
  Sym N   m Ž . 4F m C C Ž N ,  . Set Set t  tŽ . Ýž /f f Aut N , Ž .Ž .N , 
 im  i    S     t 4n  .Ý Ý Ł ž / !   ! i!i1 nn0 n
Ž C .  Next, let JCon Set be the category of connected cyclic sets nf
Ž . Ž .   Ž .n 1, 2, . . . , so that F n  d nd , where d m, n , the greatestm
common divisor. Thus
 1F C F Ž n.JSet t  tŽ . Ýfž /  Aut nŽ .n1
 1
Žm , n. nŽm , n. tÝ nn1
 1
dk  t ,Ý Ý dkdm Ž .k , m 1
where k runs over nonnegative integers relatively prime to m. Substituting
t for t J Žn., we have the exponential formulan
m i   S     t 4n  iÝ Ý Ł ž / !   ! i!i1 nn0 n
 i tim   S   is of type  4Ý Ý Łn ž /i 1 !Ž .in0 n
1
d exp t . 6.6.fŽ .Ý Ý kž /dkdm Ž .k , m 1
For m 1, this formula gives the well-known exponential formula for the
 cycle indicators of symmetric groups 1, Proposition 5.13; 40, 4.2 .
TOMOYUKI YOSHIDA74
6.7. Labeled Trees
One of the most famous classical applications of exponential formulas
may be the enumeration of labeled trees. A rooted tree is a finite tree with
a distinguished vertex called the root, and a rooted forest is a disjoint
union of a finite number of rooted trees. Let RForest be the category of
Ž .rooted forests in which an object is a unlabeled rooted forest and a
morphism between two rooted forests is a mapping between vertex pre-
serving edges and roots. Similarly let RTree be the category of rooted
Ž .trees. Then RForest is a KS category with Con RForest  RTree, and so
RForest t  exp RTree t . 6.7.aŽ . Ž . Ž .Ž .
The category RForest has some good properties and it has a strong
resemblance to Set and SetG. In fact, RForest is almost a topos and itsf f
object is viewed as a contravariant functor from the poset 0 1
42  to Set . Unfortunately, exponentials and a subobject classifiersf
are infinite rooted forests.
Let V: RForest Set be a faithful functor which assigns the vertex setf
   4to a rooted forest. Then a RForest structure on n  1, . . . , n is a
Ž .labeled rooted forest with n vertices. Let  resp. u be the number ofn n
Ž .labeled rooted forests resp. labeled rooted trees on n vertices. Then the
Ž .exponential formula Corollary 5.9 gives
  un nnt  exp . 6.7.bŽ .Ý Ýž /n! n!n0 n1
Furthermore, since there is an equivalence of categories
   4 : RForest RTree; F F  , 6.7.cŽ .
where  is a new root, we have   u and Cayley’s famous formulan n
1
u t  t exp u t , 6.7.dŽ . Ž . Ž .Ž .
 u 3n n 2 3 t  t
 t 
 t 
  . 6.7.eŽ .Ý n! 2n1
 See 1, Proposition 5.11; 46, Chap. 6 . For further information on the
 exponential formula for labeled graphs, see 21, 44, 45 .
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Ž .Next, by the binomial theorem Theorem 5.10 we have

 FRForest t  tŽ . Ý
F
1
 Ł T1 tT
 1
 nT exp t , 6.7.fŽ .Ý Ýž /ž /nn1 T
Ž . Ž .where F resp. T runs over all nonisomorphic rooted forests resp. trees .
Ž . Ž Ž ..Let f t resp. c t be the ordinary generating function of unlabeled
Ž .forests trees , that is,

nf t  f t ,Ž . Ý n
n0

nc t  c t ,Ž . Ý n
n0
Ž . Ž .where f resp. c is the number of nonisomorphic rooted forests treesn n
Ž . Ž . Ž .with n vertices. Note that tf t  c t . Since the vertex functor F V F
preserves finite coproducts, the specialization t F t V ŽF .  gives the well-
known formula
 1
nf t  exp c t . 6.7.gŽ . Ž . Ž .Ýž /nn1
 The proof found in Harary and Palmer’s book 23, Sect. 3.1 needs Polya’s
enumeration theorem.
6.8. Further Cayley Type Formulas
We use the notation as in the preceding paragraph. By using the
Ž . Ž .correspondence 6.7.c , we rewrite the exponential formula 6.7.a as
tT  4 tT
  exp , 6.8.aŽ .Ý Ýž /Aut T Aut TŽ . Ž .T T
 4where T runs over all nonisomorphic rooted trees and T  is the
forest obtained by removing its root  from the tree T.
Ž .Let Sub F denote the set of the subrooted forests of a forest F. Note
Žthat an empty forest  is a subrooted forest of any rooted forests and
.rooted trees and that each rooted tree has at least two subrooted forests.
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Ž .Let ht F denote the height of F. Then for any h  and z
z V ŽF . Sub F t , ht F  h ,Ž . Ž .
 : F ½ 0, otherwise,
Ž .is a multiplicative invariant. Thus substituting 
 for 6.8.a , we have
z z
Sub T  1 Sub TŽ . Ž .Ž . V ŽT .  V ŽT . t  t exp t .Ý Ýž /Aut T Aut TŽ . Ž .Ž . Ž .ht T h
1 ht T h
6.8.bŽ .
 4Here, for the forest T  , we used the formulas
 4ht T   ht T  1,Ž .Ž .
 4Sub T   Sub T  1.Ž .Ž .
As a special case, put
t V ŽT . 
u t  .Ž . Ýh Aut TŽ .Ž .ht T h
Ž .Then u t  t and0
u t  t exp u t . 6.8.cŽ . Ž . Ž .Ž .h
1 h
 Ž .We denote by Sub T the set of subrooted trees of a tree T , so that
Sub T  Sub T  1.Ž . Ž .
Ž .Letting z 1 and h  in 6.8.b , we have
u t  t exp u t 
 u t , 6.8.dŽ . Ž . Ž . Ž .Ž .
where
Sub TŽ .
 V ŽT . u t  tŽ . Ý Aut TŽ .T
t 2 t 3 t 4
 t
 4 
 30 
 332 
 
2! 3! 4!
Ž . Ž . and the series u t is defined in 6.7.e . Note that if we let u be then
Ž .  number of the pairs T , F of a rooted tree T on n and a subrooted tree
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F, then
 un nu t  t .Ž . Ý n!n1
Ž . Ž .By Cayley’s formula 6.7.d , we see that the equation 6.8.d means that
 Ž . Ž .u t as a function of u t satisfies Cayley’s equation
u t  u t exp u t ,Ž . Ž . Ž .Ž .
and so we have the formula
u t  u u t . 6.8.eŽ . Ž . Ž .Ž .
6.9. A Mass Formula for Self-Dual Codes
For simplicity, we study only binary codes. See MacWilliams and Sloane’s
 32 book as a general reference for error-correcting code theory. Let
 4 NF  0, 1 be a 2-element field. For a finite set N, let F be the vector2 2
Ž .space of N-indexed elements  ,   F . The weight of a vectori i N i 2
Ž . N   of F is defined byi i
 4wt   iN   	 0 . 6.9.aŽ . Ž .i
A map f : MN between finite sets induces a linear map
ˆ M Nf : F  F ; u  u . 6.9.bŽ . Ž .Ý2 2 i iiM ž /
1Ž .if j jN
Thus we have a functor from the category of finite sets to the category of
F -vector spaces:2
 N ˆSet Vect ; N F , f f . 6.9.cŽ .f F 22
Ž . Ž .Now, a binary linear code N, C , or simply C, is a pair of coordinates
N   NN and a subspace C of F . When N  n, a code C	 F is called a code2 2
of length n. The dual code C consists of all vectors  with u   Ý u i i i
   0 for all u C. Clearly dim C  N  dim C. A code C is self-dual if
  C C . For a self-dual code C, we have dim C N 2. A morphism f :
Ž . Ž .M, B  N, C of codes is defined as a map f : MN such that
Žˆ .f B 	 C. Codes and morphisms form a category Code. We denote by
sdCode the full subcategory of self-dual codes. Both categories are KS
Ž . Ž .categories. The coproduct of codes M, B and N, C is given by
M , B 
 N , C  M
N , CD . 6.9.dŽ . Ž . Ž . Ž .
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A connected object in Code is usually called indecomposable. We denote
Ž .by Con sdCode the category of indecomposable self-dual codes. We are
interested in the enumeration of self-dual codes. The exponential formula
for self-dual codes has the form
sdCode t  exp Con sdCode . 6.9.eŽ . Ž . Ž .Ž .
Ž .Let C n be the set of nonisomorphic self-dual codes of length n and let
Ž .I n be its subset of indecomposable codes. Let a be the number ofn
self-dual codes of length n and let b be the number of indecomposablen
self-dual codes on length n, so that
n! n!
a  , b  , 6.9.fŽ .Ý Ýn nAut C Aut CŽ . Ž .Ž . Ž .CC n C I n
Ž .where Aut C denotes the automorphism group of a code C. Note that the
number of codes of length n isomorphic to a self-dual code C is equal to
 Ž .   n!Aut C . The following mass formula 33, 39 is useful to classify
 self-dual codes of small length 39 :
k1
ia  a  1, a  2 
 1 , a  0. 6.9.gŽ . Ž .Ł0 2 2 k 2 k
1
i1
Ž .Unfortunately, there is no enumeration formula for C n itself.
There is a faithful functor

F : sdCode Set ; N , C N.Ž .f
A sdCode structure on a finite set N is exactly a self-dual code in F N and2
so the exponential generating function of F is
 aF n nf t  sdCodeSet t  t . 6.9.hŽ . Ž . Ž .Ýfž / n!n0
Similarly, we have
 bF n ng t  Con sdCode Set t  t . 6.9.iŽ . Ž . Ž . Ž .Ýfž / n!n1
Then by the exponential formula, we have
f t  exp g t or g t  log f t . 6.9.jŽ . Ž . Ž . Ž . Ž .Ž . Ž .
Thus we can calculate the total number b of indecomposable self-dualn
codes of length n by using Lemma 6.1 and the fact that a  b  02 k
1 2 k
1
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as follows:
 i1 b2 i
a  2k ! ,Ž . Ý Ł2 k ž / ! 2 i !Ž .i ik
 i1Ž . Ý j
 i jib  2k ! 1
  ! 2 
 1 .Ž . Ž .Ž .Ý Ý Ł2 k i  iž / ! 2 i !Ž .i1 ik
6.10. Remark. There is another definition of the category of codes. In
  Ž . Ž .his paper, Assmus 2 defined a code homomorphism  : M, C  N, D
by a linear map  : CD satisfying
wt  u  wt u u C .Ž . Ž . Ž .Ž .
For example, for a subset M	N, the punctuation C	 F M of a code2
N Ž . Ž .C	 F consists of codewords of the form u , where u is an2 i iM i i N
element of C. Then the canonical projection C C is a code homomor-
phism in the sense of Assmus. However, there is no morphism in Code
Ž . Ž .  Ž .from N, C to M, C unless MN. The category Code resp. sdCode
Ž .of codes resp. self-dual codes and Assmus’s code homomorphism also
Žmakes a strict KrullSchmidt category, which contains Code resp. sd-
.Code as a subcategory. We have the same exponential formula by using
sdCode instead of sdCode.
6.11. A Mass Formula for Weight Enumerators
Ž . NThe weight enumerator w x, y of a code C	 F is a polynomial inC 2
2-variables x, y defined as
w x , y  x N wtŽu. ywtŽu. . 6.11.aŽ . Ž .ÝC
uC
 For a self-dual code C, two identities hold 32, 5.2 :
x
 y x y
w x , y  w , , w x , y  w x ,y .Ž . Ž . Ž .C C C Cž /' '2 2
We introduce the two power series
 w x , yŽ .C nF t  t ,Ž . Ý Ýx , y Aut CŽ .n0 Ž .CC n
 w x , yŽ .D nG t  t ,Ž . Ý Ýx , y Aut DŽ .n0 Ž .D I n
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Ž .where C n is the set of nonisomorphic self-dual codes of length n and I
Ž . Ž . Ž .is its subset of indecomposable codes. Since w x, y  w x, y w x, yCD C D
Ž . Ž . Ž . Ž .and n CD  n C 
 n D , where n C denotes the length of C, we
have a multiplicative invariant of sdCode:
nŽC .   : sdCode Q x , y , t ; C w x , y t . 6.11.bŽ . Ž .C
Ž .Substituting  for the exponential formula 6.9e , we have
F t  exp G t . 6.11.cŽ . Ž . Ž .Ž .x , y x , y
  Ž .On the other hand, the mass formula 39, Sect. 4; 32, 19.6 for w x, yC
on all self-dual codes of even length n states
w x , yŽ .C
W x , y  n!Ž . Ýn Aut CŽ .Ž .CC n
n nx
 y x y
Žn2.1 n n 2 a x 
 y 
 
 n 4 ,Ž .n2 ž / ž /' '2 2
Ž .where a is the number of self-dual codes of length n given in 6.9.g .n
Ž .Here, W x, y  0 for an odd n andn
W x , y  1, W x , y  x 2
 y2 .Ž . Ž .0 2
Ž .Thus using 6.11.c and Lemma 6.1, we can theoretically calculate the
summation of all the weight enumerators of indecomposable self-dual
codes of length n:
w x , yŽ .DIW x , y  n! .Ž . Ýn Aut DŽ .Ž .D I n
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